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■ '■ ■ ..: SUMMARY ... . • 



A formula 1b given for the critical compresBlve Btresa 
for slightly curved sheet with equal elastic restraints' 
against rotation along the unloaded edges. She theory pf 
Boall deflections is used and the formula reduces to that 
given "by Slmoshenko for the case of s imply— supported edges « 
Tor larger curvatures, a Dodiflcatlon of Bedshav 'a -foriaiLlar 
to Include the effect of edg?. restraint' Is suggested. 

lUttHODUbTIOS 

Because the skin hetWaen stlffeners on the surface of 
airplanes Is curved to tho contour of the wing or. fuselage i 
it is important to investigate the extent to which this our- 
vatuTB influences the critical etreas* 

The derivation and use of formulas for the critical ' 
compresalve stress for flat rectangulap-' plfitt'es vith^.re— 
atrainta against rotation- al'bng' the unloaded edges vers' -'- 
discussed in reference,!. ' In tho present 'paper , .thQ .thep.rT* 
of email deflections .Is u^&d to derive a f orjaul^asf or the 
critical oompreaaive' stres.a of' a alight I7 curved aheet with 
restraints against rotation along the straight, unloaded 
edges* On the hasls of this derivation, a- modification of 
Bedsliav*8 formula (reference S) la auggeatod -f or eaeea in 
which the curvature la larger. 

TEBOHT . .. ' ■ ■ " 

Tlgure 1 BhovB the ooordlziate sr&tem and the aheet 
aimenaloiLB, With -the assumption that the sheet Is curved 



2 



to a C7llndrloal surface, the differential equation of the 
deflection aur.face of the sheet vill "be. that given 1)7 
Sonnell as equation (10) in re.ferenoe 3, vhioh is 

4 8 

__B It a V /a wN ■ M.y 

vhere 

S flexural etlffnese of sheet per unit length 



Ll2(l-|i»)J 



B modulus of elastlcit7 

^ Poissbn's ratio 

t thickness of. sheet 

r radius of ourvature ' ' . 

^■r applied compreeslTe stress In the x—ditection 

V displacement of sheet out. of its original pland 

Sx' as' Vdx as^/ 

X longitudinal coordinate 
8 ' cir ounlf erentlar coordinate 

The width of the sheet is h a r6, . where 9 is -the angle 
subtended the sheet at tfas center of curvature* 97he 
assumption is Qiade that the .critical stress' dr^j. ma7 

expressed in a- manner similar to the critical ertress' of , 
flat shee-t', as . . ' ' ' 

I ■ 

13(1 - . ■ 

where is a constant which depends upon the radius of 

curvature and the edge' restraintB . Suhst itution of • 
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as glYen Taj eguatlcn (2), for In aq.uatlaa (1) and 
^dlTlBlon 137 1> ,8lTeE!. __ 

rata S^' ^"^Kj^J 

On the aseuiq^tlcii that the sheet Is In^toltely long 
la the z-^Urectlcii. the soluticQ may he tekmi In. the fom 

W = f (S) COS (h) 

At 

'idiere " 

f (s) function of s alone 

X hcLLf-vave length of the huclcLe pattern 

Substitution of equation (k) In equation (3) gives as 
the differential equation for f (s) 

12(1 - n^) /«\* K^j^r r?«f 4*f /K>f d^ /«>f 1 
r^a ICx) di^HT; d^^(T)"^^ 

Hb.e solution mr he written 

ok^i'' " ' -aJ. IS 5 -IB a 
^ "^rb ^^rb 

f (s) « cie + Cge + Cse + c^e 

ol'S. -oL'i 18 -IB '5. 

"^h ^h *^rh 'h 

+ Cse + CgO + C7e + oae (^) 
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vhere 
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> (6) 
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13(1 - /U V 



"b ^ T >G 1 /kr° 12(1 - H") 




and .the c 'ib are arbitrary conetantB. 

As for ^hflat plate, there are four boundary conditions 
imposed on, w (eee reference, l). If the edges of the plate 
are at s = ±h/2- these conditions are 



S 



(w) 



= 4S^ ( — 




B -4S 



2) 



where Sq 1b the stiff nesa per unit length of the elaaiio 
reatralnlng medium or atruotural- element - at the edges of 
the sheet; that Is* le the ratio of moment per unit 

length at an7 point along the length 'of the .medium or atruc- 
ural element to the ■rpt.a.tluinr In quaflier-radlanB at that 
point when the moment is dlatrlhuted alnuaotdally* The 
r«q.ulrement of a sinuaol&ally dlatrlbuted moment la aatla- 
fled when an lnflnl-tel7 long plate "buoklea under longitu- 
dinal eompreaaion* 

Of the eight aolutions Bujomed in aquation (6), only 
four are required to satisfy. the foregoing oondltlona* 
The Question of vhloh solutdbna.to use la decided "by the 
requirement' that the deflection surface reduce to that 
for a flat sheet when the radius of curvature Is made to 
approach Infinity. Putting r a o* in equations (6) gires 



ini 



(7) 



where koo is the value of kp when r s tt. 



and P ( 



The quan— 
are seen to he identical with the 



titles 

a and $ of reference 1} wheceas aos* and Poo'' hare 
no counterpart for flat plates. The deflection surface 
for the curved plate may thus he written 




OrS -art iPrJ -IP * 

w =1 cj,e 4- cae -t- CsC + cae 

In addition to satisfying "boundary conditions involving 
the effect of curvature requires that conditiona invol^F— 
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Ing the dlaplaoements u and v in the longitudinal 
and olToumf erentlal dlrActlona aleo he satisfied. Dis- 
regarding the four solutions in ' and Pr ' ^7 
interpreted physically as neglecting this effect of ovocr 
vaturoa This neglect is permlsslhle for plates of small 
cur-vature* (See reference 3.) 

The theory of reference 1 ahovs that, for a flat 
plate with an elastic restraint of stiffness Sq along 
each unloaded edge, the critical huckllng stress is to he 
found from the expression 



= - £ (8) 



OCm 3aD 
csoo tanh — + Poo' tan — 
2 2 



where e is the restraint coefficient, given as 

p - tilt 



The deflection surface and "boundary, conditions used here 
are formally the ssime as for flat sheet; therefore, for 
a curved sheet with the same restraining memhers 



ar' + Pr= 

- - « (9) 



Oj. tanh + tan ^ 



It may he seen from a comparison of the definitions of 

Ooti ■ 3c»- B.Jid. a^, as given in equations (?) and (6) 

that, if eq.uation (8) 'is satisfied when 1^ has soiae 

particular value, equation (9) will he satisfied when the 
express ion 
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haB thlB same value. A relation 'between the Initial "buck' 
ling- stresse-B- for Qur.ved and for flat abeet can therefore 
"be oVtalniBd: 1)7 setting 



kr . /to* 13(1,^ M>')- /lafN^ 
3 / 4 " KrJ" ^ 



or 



B7 BulsBt Itut Ion of thlB value of kp In equation 
(2) the critical atresB la found to. "be 



^'or 



= — + (10) 

13(1 - ^i»)■ba ' Tr'ko, 

;■■ !■ .. 

where the flret term 1b the critical compreBslTe atreeB of 
the Bheet when flat and koo la the coefficient k for the 

flat Bheet, as determined hy the methbdB of reference 1* 
Tor the case of simple support along 'the edges r koo = 4 

and equation (10) reduces to a formula given iy Ilmoshenko 
(reference. 4, p. 470, equation (3?6))« 

Eed8haw,has proposed the following approximate formu- 
la, derived "by an energy method without limitations as to 
curvature, for simply supported edges (reference 3, equa- 
tion (31) 5 1 ■ ■ ■ ■ 
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13(1 - ll')l>' 



a„ ^ (11) 



Tor curvatures bo email that the radlaal may he expanded 
in series, the Bedshav formula reduoes to 



4TT^Et^ 9 3J. 

12(1 - n=)h» * 1? 



"or = — — -rrn * — (12) 



which Is of the same form as egLuation (10) hut does not 
include the coefficient kos. In the term that takes account 
of the curvature. 

The formal relation hetween equations ('11 ) and (is) 
suggests that an equation similar to equation (ll) exists 
that will 7ield equation (10) when the curvature is small* 
Such an equation is 



k^TT^Bt' 1+1/1 + 



T / 48(1- - M(') / h^ v° 



°CT = ^ (13) 

12(1 - n8)h^ 2 



Equation (13), although not actually derived, appears to he 
a reasonahle generalization of the formula of Hedshaw and 
yields the following results in special cases: 



00 



h" 

Hat plate; — =0; c__ =■ a - . * 

^ rt 12(1 - Ji")h^ 



Slight curvature; — small; a^p 



rt " 13(1 - n»)h« TT»k» 



Large curvature; — large; ■ tf^j = ZZZZZZZ" 0.303B^ (f or 

Jlzil - n"): ■ . n « 0.3) 
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The value of a^^ for large curTature Is half the clas— 
alcal value for a oomplete C7linder and la In hotter 
agreement vlth cylinder testa than the claa a leal' value • 
Xg,uatlon (13) might, therefore, he expected to hold rea— 
Bonahly veil for all.- Qurvaturea and for any degree of re— 
atralnt at- the edges of the shebt. Ihe teata that have 
been made (re£..er-eno-e. 5) Indlbat'e-, '.hAyeTer , that the effect 
of curvature caiinot alvaya- he relied' up'on to follow con— 
alatently. the gtad^uaJ. increaas'-'ins-jBr j,tlcal a tresa'-'.vllch 
Inoreaae In curvature rdparep.on^e'd-'bjr ^^uatlon (13).'" 



OONOLUSIOV 



She critical compreaslve stress f or Br^ti' -irnflnltely long 
slightly curved sheet with eq.ual elaatix: rea traln't<a -against 
rotation along the unloaded edges, as ohtAln.ed frdm the; 
differential— equation solution, la given hy the eciuation- 

■ ■ ■ .k-jT=Bta e'a 

a ' 



cr . T _ 

12(1 - n*)ha .IT ka, 



where tho first term gives the critical compressive stress 
for the aheet when flat and ' .. ■ ' 

kbo coefficient k determluad for' flat sheet (hy. -me^thod 
: - ' ■ tef er-ence 2) ' ■ 

6 angle siihtended hy sheet at Qonter ' o£ - curvature ■ 

1 modulua of e last I'd Ity -. ' ' ■■ ' ... 

t thlckneaa of sheet' ■' ;■ ' . 

|t Foisson's ratio. ■■ 

"b width of sheet ''}'''■ • ■' '^ ' 

Jot larger curi^atures, the formula' .. , 

" t2(l - 1*3)^3 2 
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1« ■uggeated, where r 1b the radius of onrTstxire. 

The testa that have 1)8011 nade Indicate, however, that 
the effect of otLrvature cannot always be relied upon to 
follow consistently the gradual increase in critical stress 
with Increase In curvature represented by these equations. 
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